The purpose of this note is to investigate various cohomologies of S with degenerating coe‰cients L r (considered as a local system-a flat vector bundle, a Higgs bundle, or a D-module, depending on the context): the Čech cohomology of j Ã L r (note that in the higher dimensional case, one needs to consider the corresponding intersection cohomology [2] ), the L 2 -cohomology, the L 2 -Dolbeault cohomology, and the L 2 -Higgs cohomology, and the relationships between them. Here, L 2 is defined by using the Poincaré(-like) metric o and the harmonic metric h. We want to generalize the results [25] valid for the case of variations of Hodge structures (VHS) to the case of harmonic bundles, as was suggested by Simpson [23] ; in principle, in view of our assumption on the representations in question being unipotent and the growth property of the harmonic metric, the situation should be similar to the case of VHS.
Remark. We remark that as mentioned before, the harmonic metric used here satisfies a special growth condition (cf. §2.4); naturally one should ask what the situation is when one uses some other harmonic metrics, e.g. general tame harmonic metrics defined by Simpson [23] .
This paper is meant to be a part of the general program of studying cohomologies with degenerating coe‰cients on quasi-projective varieties and their Kählerian generalizations. The general aim here is not restricted to the case of curves nor to the one of representations that are unipotent near the divisor. One of the purposes of this note therefore is to illuminate at this particular case where many of the analytic and geometric di‰culties of the general case are not present what di¤erences will appear when we consider unipotent harmonic bundles instead of VHSs. In the future, we wish to consider the case of higher dimensional quasi-projective varieties, but still assuming that the representations of p 1 are unipotent. Geometrically, the unipotent condition is very natural. It is well-known that a rational VHS is unipotent up to a lifting; more generally, if the representation r of p 1 is into Slðn; ZÞ, then a variant of Borel's lemma (cf. e.g. [21] , Lemma 4.5) implies that r is unipotent near the divisors after a lifting, assuming the existence of a r-equivariant pluriharmonic map. For the case of VHSs, the various cohomologies have been considered by various authors [1] , [15] , [17] , [20] , [14] and we should say that the question have been well understood by now.
After submitting a revised version of the paper, we were informed by the referee about related work by Sabbah [19] . In his paper, Sabbah is generalizing Saito's mixed Hodge modules to the case of twistor D-module structures, and he wants to prove a decomposition theorem for the higher direct image. Thus, he has to treat some kind of Zucker-like result on curves in the case of polarizable regular twistor D-modules instead of VHSs. As he remarks in Remark 6.2.6 of his paper, he does not follow the proof given by Zucker, namely, he does not prove the corresponding q-Poincaré/Poincaré lemma near punctures. In contrast, in the present paper, we are generalizing Zucker's approach; technically, this means proving the corresponding q-Poincaré/Poincaré lemma near punctures in the case of harmonic bundles, which is itself of interest in its own. So our argument here is a very direct one. We expect that the idea here is also useful for a direct treatment of the case of higher dimension. tality and a good working environment. Finally, we would like to thank the referee for his/ her thorough reading, pointing out some inaccuracies in the original version of the paper, and many constructive suggestions and comments which make the paper more readable.
2. The geometry associated with representations of fundamental groups 2.1. The decomposition of a flat connection. In order to make this note an introduction into our general program, we describe some background materials in this and the next two subsections. The knowledgable reader may skip these materials. Since the discussion below is local, we do not specify whether the domain manifolds X are compact or noncompact, unless stated otherwise. But when the question involves the existence of harmonic metrics (maps), such an assumption will be essential, as will be seen in the following.
Let X be a Riemannian manifold, V a Glðn; CÞ bundle on X with a flat connection D or, equivalently, a representation r : p 1 ðX Þ ! Glðn; CÞ:
A metric hÁ ; Ái on V is equivalent to a r-equivariant map h :X X ! Glðn; CÞ=UðnÞ ¼:
where h is defined by setting hv; vi ¼ h ij v i v j , andX X is the universal covering of X . Afterwards, we use h to mean either a metric or a map, as will be clear from the context. When the map h is harmonic, we call the flat bundle V together with the corresponding metric a harmonic bundle, and the metric a harmonic metric. The simplest case is, of course, n ¼ 1. Then V is a line bundle, and
Using the isomorphism
a metric can then be written locally as h ¼ e l ; for l :X X ! R;
Given any metric h on V , the flat connection D will not preserve it in general, and so, we split D by means of the Cartan decomposition as 1) h À1 dh is of course the derivative of the map h :X X !Ỹ Y ; usually, we should write dh, but the problem is that d has two meanings, namely on one hand, the exterior derivative d, leading to the notation h À1 dh, and on the other hand, the di¤erential d of a map between Riemannian manifolds, suggesting to write dh. In the sequel, we use the notation h À1 dh only for the case n ¼ 1 and write dh else, except for the energy estimate of the initial map in §2.4; also, see the footnote there.
where D h preserves h, i.e.,
We then have Y ¼ 0 i¤ D is unitary i¤ h is constant. The derivative dh measures the deviation of D from being unitary, i.e., dh ¼ Y. Thus, the energy of the map h is defined by Ð kYk 2 , and h is harmonic i¤
For n ¼ 1, reverting to our h À1 dh notation, we have
The harmonic map equation (1) becomes
and so l is a harmonic function onX X . It should be pointed out that l is not well defined as a function on X ; dl, however, is well defined from the above argument, and a harmonic 1-form when the metric h is harmonic.
Variations of Hodge structures.
Let us just consider the following geometric setting. Let Z and X be Kähler manifolds, with dim Z > dim X , f : Z ! X a proper holomorphic map with smooth fibers. Canonically, one has a flat vector bundle H k over X with the flat connection D and the fibre over x A X being the k-th cohomology H k ðZ x ; CÞ of Z x (cf. e.g. [5] 
This filtration defines an element of a subdomain of a Grassmannian of flags. From this, one obtains the Gri‰ths period map
into the quotient D=G of the Gri‰ths period domain D by a certain discrete group G (ref. e.g. [5] ). In particular, it should be pointed out that the period map can be equivalently explained as a metric on the bundle H k ; this idea will be used in a more general setting, i.e. that of harmonic bundles, as will be seen in the following.
The Gri‰ths period domain D is a homogeneous complex manifold, but generally not a Hermitian symmetric space. If D is not Hermitian symmetric, it is a Riemannian submersion over a (non-Hermitian) symmetric space of noncompact type under the canonical invariant metrics and the corresponding horizontal distribution is holomorphic but not integrable; more importantly, the image of the period map is tangential to this distribution. Furthermore, D has nonpositive curvature in the horizontal directions (for details, ref. [7] , also [9] Using the idea of the above geometric setting, one can also give the definition of an abstract (complex) variation of Hodge structures, and from such a variation one can formally get a Higgs bundle; since this is not directly related to our present purpose, we omit these; for details, one can refer to e.g. [24] .
Harmonic bundles and Higgs bundles.
A Higgs bundle ðE; yÞ over a complex manifold X consists of a holomorphic vector bundle E and a holomorphic morphism y : E ! E n W 1 ðX Þ satisfying y5y ¼ 0. It was then Simpson's fundamental idea ( [22] ) to revert the construction in the previous § § by using the Hermitian-Yang-Mills equation, namely, under certain suitable geometric conditions, to construct a harmonic bundle from a Higgs bundle. The understanding of the relationship between harmonic bundles and Higgs bundles initially comes from Hitchin's important paper [8] , which considered the above problem in the case of smooth curves.
From now on, we always assume X is Kähler. When X is compact, by means of a theorem by Narasimhan-Seshadri, Hitchin for curves and by Donaldson, Uhlenbeck-Yau, Simpson for higher dimensional varieties, for a stable Higgs bundle ðE; yÞ, one can construct a Hermitian Yang-Mills connection (resp. metric) D 0 (resp. h), which furthermore satisfies that D :¼ D 0 þ y þ y is flat if all c i ðEÞ ¼ 0, where y is defined by setting
Such a metric h is then a harmonic metric on E when E is considered as a flat bundle with the flat connection D, i.e., a harmonic map fromX X into the symmetric space Glðn; CÞ=UðnÞ, n ¼ Rank E.
Conversely, letting r : p 1 ðX Þ ! Glðn; CÞ be a semisimple representation, L r the corresponding flat bundle, Corlette [3] then obtained a r-equivariant harmonic map h :X X ! Glðn; CÞ=UðnÞ; as shown before, this is equivalently a metric on L r so that L r is a harmonic bundle. Furthermore, the harmonic metric h induces a Higgs bundle structure ðE; yÞ on L r with y ¼ qh. Note that y5y ¼ 0 follows from the pluriharmonicity of h as originally discovered in a somewhat di¤erent context by Jost-Yau [10] ; on the other hand, since we will assume that dim X ¼ 1 in the present note, y5y ¼ 0 is automatic because y is a ð1; 0Þ-form. It should however be pointed out that when X is noncompact Kähler and dim X > 1, the pluriharmonicity of h is a subtle matter.
For sake of convenience later on, let us now make some formal derivations, which are again local, from a harmonic bundle to the corresponding Higgs bundle, provided that h be pluriharmonic (such an assumption is automatic if dim X ¼ 1). As before, decompose our flat connection 
It is clear [23] that the connection m ¼ q þ q also preserves the metric, y ¼ qh (more precisely, y ¼ h À1 qh, see the footnotes 1 and 2), and y is the conjugate adjoint of y w.r.t. h (cf. (4)). Also, one has ðq þ yÞ 2 ¼ 0. Thus we obtain a structure of Higgs bundle on the bundle L r with q being the holomorphic structure and y the Higgs field; later on we denote it by ðE; q þ yÞ. From the above argument, we also have D ¼ q þ q þ y þ y, as have seen in the case of VHS.
Correspondingly, one also has the Kä hler identities, which was observed by Deligne in the case of VHS. Set 
This shows that spaces of D-harmonic forms valued in the local system L r can be identified with that of D 00 -harmonic forms valued in the Higgs bundle E.
2.4.
Harmonic metrics in the case of noncompact curves. When X is no longer compact, the local geometry works as before, but there arise di‰culties with the existence of the harmonic map (metric) h and its pluriharmonicity (in the higher dimensional case). On the other hand, the geometry of the related bundles near a compactifying divisor (provided that the harmonic metric exist) leads to very interesting structures which are, in fact, our main interest. As in the introduction, we from now on assume that X is a noncompact curve, i.e. a compact Riemannian surface deleting finitely many points, and change the symbol X into S, the compactification of which is denoted by S; S ¼ Snfp 1 ; . . . ; p s g and j : S ! S is the inclusion map. Under such a case together with the following assumption about the representation r of p 1 ðSÞ, one can easily get a r-equivariant harmonic map of finite energy and its behavior near the punctures fp 1 ; . . . ; p s g; the purpose of this § § will then be to treat these problems, which will be essential for the later development. It is worth pointing out that in [11] , the authors considered these problems without the restriction of dimension. Since there the target manifolds are very general, the construction of the initial metrics are getting very complicated. In our present case, since the representation is linear, we will give an explicit construction though the basic idea is the same as [11] ; more importantly, we can see explicitly why the initial map is of finite energy, and hence the analysis of [11] is applicable. The idea of the construction for the initial map will be used in the most general case, where representations need not be unipotent and also the energy of maps need not be finite; here, we should point out that the construction in [12] is also a very special one (cf. [13] ).
Throughout this note, we take the Poincaré-like metric on the base manifolds, namely, on punctured disks D Ã near the divisor (puncture) the metric is isometric to
where t is the Euclidean complex coordinate of D Ã . Such a metric is complete, of finite volume and bounded geometry.
Let r : p 1 ðSÞ ! GLðn; CÞ be a semisimple linear representation, and restrict r to a neighborhood of p i , say a small punctured disk D Ã around p i , which we call the boundary representation of r, denoted by r i . Throughout this note, we assume that all the boundary representations of r are unipotent. A result of Borel tells us that this is the case for VHS up to a suitable lifting (cf. e.g. [21] , Lemma 4.5). Such an assumption means that if denoting the image under r i of the generator of p 1 ðD Ã Þ by the matrix g, then g, under a suitable basis, can be represented by an upper-triangle matrix with all the diagonal entries being 1. As usual, g is called the monodromy transformation of L r at p i under the standard flat connection D. Take the logarithm of g, denoted by N, which is also upper-triangle and all the diagonal entries of which are 0.
We now proceed to construct an initial metric on L r , equivalently, an initial requivariant map fromS S to Glðn; CÞ=UðnÞ. To this end, let us first give some preliminary. Let P n be the set of all positive definite Hermitian symmetric matrices of order n. Glðn; CÞ acts transitively on P n by g H ¼: gH t g; H A P n ; g A GLðn; CÞ:
Obviously, the action has the isotropic subgroup UðnÞ at the identity I n . Thus P n can be identified with the coset space Glðn; CÞ=UðnÞ, and can be uniquely endowed an invariant metric2) up to some constants. In particular, under such a metric, the geodesics through the identity I n are of the form expðtAÞ, t A R, A being a Hermitian matrix.
Let the Jordan normal form of N have p Jordan blocks, denoted by N j , 1 e j e p. By the Jacobson-Morosov theorem, one can expand each block N j into an sl 2 -triple
; a theorem of Kostant tells us that such a triple, up to conjugations, is unique (cf. e.g. [16] ). Take the Euclidean coordinate t on D Ã with tðp i Þ ¼ 0 and t ¼ re ffiffiffiffi ffi À1 p
x ; also take the universal covering
for a positive number a < 1. Corresponding to a (once and for all) fixed flat sections basis of L r , we construct the required Hermitian metric of L r on D Ã as
. In the following, h i is considered as both a metric and the above matrix under the fixed basis. Clearly, h i , as a map from H a to P n , is r i -equivariant when changing log r into y. Geometrically, this is a geodesic r i -equivariant embedding of D Ã into P n which maps the puncture to the infinity of P n , as can be explicitly seen when one embeds geodesically the upper-half plane into the real hyperbolic 3-space H 3 by using the matrix model of H 3 (for more details, cf. [13] ). We also remark that each h i is actually harmonic. Now one can easily extend the metrics fh i g to a global metric on L r , denoted by h 0 . Naturally, the corresponding map is r-equivariant.
We now want to show that each h i , and hence h 0 , is of finite energy. For simplicity, we may assume here that the Jordan normal form of N has only one Jordan block. Let fY ; N; N À g be the corresponding sl 2 -triple. The semisimple element Y can actually be described as follows. Canonically, C n has a filtration 2) In terms of matrices, such an invariant metric can be defined as follows. At the identity I n , the tangent elements just are hermitian matrices; let A, B be such matrices, then the Riemannian inner product hA; Bi Pn is defined by trðABÞ. In general, let H A P n , A, B two tangent elements at H, then the Riemannian inner product hA; Bi Pn is defined by trðH À1 AH À1 BÞ. 
Then, using the invariant metric of P n , a simple computation shows that the energy of h i satisfies
The above argument gives an important by-product, namely, the norm estimates near the punctures of flat sections of L r under the metric h 0 . We continue to restrict ourself to a small punctured disk D Ã near p i . As before, the fiber ðL r Þ x over x A D Ã canonically has a weight filtration fW l g k l¼Àk (k is the weight of N) arising from N and satisfying NðW l Þ H W lÀ2 ; this filtration is moreover invariant w.r.t. the flat connection D of L r and hence determines a filtration of L r by some local subsystems, denoted by W l , Àk e l e k. We remark that fW l g k l¼Àk can be decomposed into the direct sum of some subfiltrations, each of which corresponds to a unique Jordan block of N and is of the form as in (7), if the number of the Jordan blocks of N is >1. By the construction of h i and (8), one now has that a flat section v of W l , if not lying in W lÀ1 , has the norm estimate3)
on any ray from the puncture of D Ã .
As mentioned before, since the initial map h 0 is of finite energy, the analysis of [11] works; especially, one has the following Proposition 1. Let r : p 1 ðSÞ ! Glðn; CÞ be a semisimple representation all the boundary representations of which are unipotent, h 0 be the r-equivariant map (initial metric) constructed above. Then there exists a r-equivariant harmonic map (harmonic metric) of finite energy 3) Here and afterwards, we use the notation @ to mean ''is within a bounded multiple of ''.
h :S S ! Glðn; CÞ=UðnÞ; which has the same asymptotic behavior as h 0 near the punctures, whereS S is the universal covering of S; moreover the norm of the derivative dh of h satisfies, when going down to S and measured near the divisor with respect to the Poincaré-like metric (5) and the standard Riemannian symmetric metric on Glðn; CÞ=UðnÞ,
for some constant C > 0, where r is the radial Euclidean coordinate of D Ã .
A harmonic bundle over S is said to be tame (cf. [23] ) if, on any ray from a puncture of S, the norm under the harmonic metric of any flat section grows at most polynomially in r. Let ðL r ; hÞ be the harmonic bundle with the harmonic metric h in the Proposition 1 and D the flat connection. Since the harmonic metric h has the same behavior as h 0 near the punctures, especially, the harmonic bundle is tame, our discussions in the remaining part of this subsection therefore lie in the framework of Simpson [23] (except for the choice of the metric of the base manifold S) and are even simpler, since, as seen from the above construction, we have no factors like r b (b A Rnf0g) in the norm estimates at the punctures; indeed, it is such a factor that produces infinite energy of maps. On the other hand, the behavior of h also shows that the flat sections of L r have the same estimates as in (9) 
for some su‰ciently small e.
As explained in §2.3, from the harmonic bundle ðL r ; hÞ, one can derive a structure of Higgs bundle ðE; q þ yÞ on L r with y ¼ qh. Again since ðE; q þ yÞ comes from a tame harmonic bundle, [23] , Theorem 1 works; in particular, the curvature R m of the connection m ¼ q þ q is bounded under the Poincaré-like metric (5) and the harmonic metric h, and the Higgs field y is of the log-singularity. If using the Euclidean metric of D Ã as in [23] , the estimate of R m is read as jR m j e C r 2 ðlog rÞ
Therefore, by the theory of Gri‰ths-Cornalba [4] (also cf. [22] , §10), one can algebraically extend E across the punctures, denoted by j Ã E as usual; in particular, j Ã E is coherent. Using the log-singularity of y, one also has, at p i ,
where W 1 S ðlog p i Þ is the sheaf of logarithmic di¤erentials at p i , i.e. that generated by dt t . We call ð j Ã E; q þ yÞ a logarithmic Higgs bundle. Now, we want to give the norm estimates near the punctures of meromorphic sections of the logarithmic Higgs bundle ð j Ã E; q þ yÞ under the harmonic metric h, by using the theory of harmonic bundles of Simpson over noncompact curves [23] 
Then, an argument of Simpson (cf. [22] , §10; also [23] , Proposition 3.1), by using the theory of Gri‰ths-Cornalba [4] , tells us that if the curvature of the Hermitian connection q þ q of E w.r.t. K satisfies the same estimate as in (12) , the above construction forms a filtered vector bundle; in particular, each E a is coherent.
Due to the curvature estimate of the connection m ¼ q þ q in (12), one can apply the above construction to our Higgs bundle ðE; q þ yÞ together with the harmonic metric h. Thus, we obtain the corresponding filtered vector bundle ðE; fE i a g a A R ; i ¼ 1; 2; . . . ; sÞ, satisfying
where by fE i a g a A R we mean the filtration of ð j Ã EÞ p i . Furthermore, we can see that these filtrations actually satisfy
and hence the filtrations are fE i q g q A Z . This is in fact a direct consequence of the table in [23] , p. 720, together with the assumption of the representation r being unipotent (which implies that the eigenvalues of monodromy transformations of L r are always 1). Using this identification, we can now give the following precise description of the norm estimates near the punctures of meromorphic sections of j Ã E under the harmonic metric h. From the above discussion, we see that one needs only to consider those sections which lie in E i 0 and the projections of which on Gr 
Take the quotients Gr
Furthermore, the cross-terms can be controlled very well, i.e., as r W 1,
for some su‰ciently small e, as can be obtained from the control (11) of the corresponding cross-terms for L r by means of the above identification and the same asymptotic behavior of h as h 0 . When N has at least two Jordan blocks, we can do the same discussion as before (11) .
In general, let fW l g k l¼Àk be the weight filtration of N on Gr 
Here, we use e instead of @, since a holomorphic section can have zero-points in general.
The L 2 -cohomology and the L 2 -Higgs cohomology
In this section, we continue to assume that the representation r is semisimple and unipotent at infinity, i.e. monodromy transformations of L r around the punctures are unipotent. Therefore we have the corresponding harmonic bundle ðL r ; hÞ and the Higgs bundle ðE; yÞ with y ¼ qh of the log-singularity at the punctures (Proposition 1); we also have various norm estimates: (10), (17) , (19) at the punctures w.r.t. the metric h for flat sections of L r or holomorphic sections of E; the most important thing is that one can identify the logarithmic monodromy transformations N with the residues of y at the punctures [23] . The purpose of this section is then to consider the L 2 -cohomologies with coe‰cients in L r or E and their relationship. The problem in the case of VHS was considered by S. Zucker [25] .
The L
2 -cohomology: The L 2 -Poincaré lemma. As before, denoting the inclusion map of S in S by j, one has the direct image sheaf j Ã L r of the local system L r on S and then the Č ech cohomology H Ã ðS; j Ã L r Þ. On the other hand, using the Poincaré-like metric o (see (5)) on S and the harmonic metric h on L r , one can define a complex fA Á ð2Þ ðL r Þ; Dg of sheaves over S as follows. Let U be an open subset of S. Then A i ð2Þ ðL r ÞðUÞ is defined as the set of L r -valued i-forms h on U X S, with measurable coe‰cients and measurable exterior derivative Dh, such that h and Dh have finite L 2 norm on K X S, for any compact subset K of U, where D is the canonical flat connection of L r .
Since the sheaves A i ð2Þ ðL r Þ can be regarded as a module over the sheaf of germs of local complex valued smooth functions on S, using the partition of unit on S, it is easy to show that these sheaves are fine. So the cohomology of the complex of global sections computes the hypercohomology of fA Á ð2Þ ðL r Þ; Dg (cf. e.g. [6] ), namely
We call this cohomology the L 2 -cohomology of S with values in L r , denoted by H Ã ð2Þ ðS; L r Þ. The purpose of this subsection is then to establish the following identification: Theorem 1. There exists a natural identification
Remarks. If L r comes from a variation of Hodge structure (VHS), the identification was proved by S. Zucker [25] . In the higher dimensional case, instead of the Č ech cohomology, one needs to consider the intersection cohomology [2] ; the identification in the case of VHS was proved by Cattani-Kaplan-Schmid [1] and Kashiwara-Kawai [15] independently. In general, one has the following Conjecture 1. There exists a natural identification
Canonically, the proof of Theorem 1 is reduced to prove In order to prove the above theorem, we need the following lemma, which contains the basic analysis needed in the proof of Theorem 2. Lemma 1. Let V be a constant one dimensional local system over D Ã , with generator v, and assume that the corresponding line bundle has a Hermitian metric with kvk 2 @ jlog rj k , where r is the Euclidean radius. Then the cohomology sheaves for A Á ð2Þ ðV Þ have stalks at the origin as follows:
where M 1 is defined as
Proof. Cf. [25] , Proposition 6.6.
Proof of Theorem 2. On S, the exactness is standard. So the trouble comes from the punctures p 1 ; . . . ; p s , and since we are working with sheaves, from now on we just localize the problem to a small punctured disk D Ã H D around the puncture p i .
The proof of (1). This is equivalent to showing that an L 2 flat section should be a section of j Ã L r -an invariant section of g, which equivalently lies in the kernel of N. To this end, denote the image of the generator of p 1 ðD Ã Þ under the representation r by g, which, by the assumption, is unipotent, log g by N, which is nilpotent. For a (multi-valued) flat section v of L r , settingṽ Since N is nilpotent of weight k, we havẽ
so, we have the estimate
We now claim that a d 00 -holomorphic section of L r on D is L 2 i¤ it lies in W 0 þ tL r . This can be proved as follows, by using the above estimate (21) . We first show when the sections are L 2 of the form
By the above estimate, the convergence or divergence of the L 2 -norm of s is equivalent to that of the following integral (0 < A < 1):
Clearly, the integral is convergent precisely when l e 0 and m ¼ 0, or m f 1; this implies that sections of
The remained is to show that any section s of W l À W 0 , l f 1 is not L 2 if s B tL r . To this end, we first assume that N has only one Jordan block. Then a section s of W l À W 0 can be written as
where f ðtÞ is a holomorphic function on D, v A W l À W lÀ2 ,ṽ v is defined by (20) , and v v lÀ2 A W lÀ2 . Since we assume that s B tL r , without loss of generality, we can assume f ð0Þ 3 0; since if not, f ðtÞṽ v A tL r and hence is L 2 ; thus the problem is reduced to consider ifṽ v lÀ2 is L 2 . Now we want to show that jlog rj
is not integrable on D under the Poincaré-like metric, and hence s is not L 2 . This is easily obtained by using the estimate (21) and noting
In general, if N has at least two Jordan blocks, s is of the form
where eachṽ v j belongs to W l À W lÀ1 and corresponds to a unique Jordan block of N as in the above case of one Jordan block, f j 's are holomorphic on D, andṽ v 0 lÀ1 A W lÀ1 . Again, we can assume that all f j ð0Þ 3 0. By using the same argument as above, we only need to show P j f j ðtÞṽ v j 2 h @ jlog rj l . To this end, it is su‰cient to show that
this can be obtained by means of the construction of the initial metric h 0 (cf. (6) and (8)) and that h has the same asymptotic behavior as h 0 ; more precisely, since h f j ðtÞṽ v j ; f k ðtÞṽ v k i h 0 ¼ 0, j 3 k, the cross-terms jh f j ðtÞṽ v j ; f k ðtÞṽ v k i h j can be controlled by
for some su‰ciently small e as jtj W 1. (A similar discussion will also be used in the following proof of (2), where, for simplicity of discussion, we want to reduce the discussion to the case that N has only one Jordan block.) Thus, we finish the proof of the claim above.
In order to finish the proof of (1), we next need to show that d 0 -closed sections of W 0 þ tL r are generated by sections of the formṽ v satisfying Nv ¼ 0, which is just the first part of Proposition 4.1 of [25] , where ' is just our d 0 . We remark that although L r of Proposition 4.1 in [25] comes from a VHS, the discussion still works in the present setting. Thus, we finish the proof of (1).
The proof of (2). In order to make a reduction of the problem to the case that N has only one block, we first do some discussion for
ðL r Þ (for the case of i ¼ 0, this in fact we have done in the proof of (1)). As mentioned before, we restrict ourself to a small punctured disk. Let N have the Jordan blocks N 1 ; N 2 ; . . . ; N p , p > 1. Clearly, corresponding to these blocks, C n can be decomposed into the direct sum C n 1 l C n 2 l Á Á Á l C n p , satisfying that N j acts trivially on C n k , j 3 k, and acts on C n j with the graded pieces of the corresponding weight filtration being one-dimensional. Correspondingly, L r can be decomposed into the direct sum
e j e p, and f is D-closed i¤ each f j is D-closed. In order to make the reduction mentioned above, we only need to show that if f is L 2 , then so is each component f j . This again is obtained by means of the construction of h 0 and the same asymptotic behavior of h as h 0 in §2.4, where the block M j in (6) can be considered as a metric on L j . More precisely, one can choose a basis fe 1 ; e 2 ; . . . ; e n g of L r , which is compatible with the decomposition
and weight filtrations on L j w.r.t. N j , 1 e j e p, and satisfies he j ; e k i h 0 ¼ 0, j 3 k; so the cross-terms jhe j ; e k i h j, as in the proof of (1), can be controlled by eðke j k 2 h þ ke k k 2 h Þ for some su‰ciently small e. Thus, when the form f valued in L r is written as c 1 þ c 2 þ Á Á Á þ c n with c j valued in the (smooth) line bundle generated by e j , kfk
By the above argument, without loss of generality, we now assume that N, acting on C mþ1 (n ¼ m þ 1), has only one Jordan block. As before, one then has a weight filtration of
which satisfies that the quotient Gr By the definition of spectral sequences,
À Gr (2) is finished. r 3.2. The L 2 -Higgs cohomology: The L 2 -q-Poincaré lemma. As seen in §2.4, the harmonic metric h (the r-equivariant harmonic map) on L r induces the structure of a Higgs bundle on L r : ðE;
moreover, the Hermitian connection q þ q w.r.t. the metric h has bounded curvature under the metric h and the Poincaré-like metric so that E can be analytically extended to S, denoted by j Ã E as usual, which is especially coherent. Furthermore, y has a log-singularity, i.e. y @ dt t N. It is especially worth pointing out that by an argument of Simpson (cf. [23] ), the residue N of y here coincides with the logarithmic monodromy N in the local system L r ; so although under di¤erent bundle structures, we have the same weight filtration under certain suitable identification. Throughout this subsection, we consider the Higgs bundle ðE; D 00 ¼ q þ yÞ together with the harmonic metric h, satisfying that the meromorphic sections of E at the punctures have the norm estimates (17) , just forgetting that it comes from the local system corresponding to the representation r.
As in the previous subsection, using the Poincaré-like metric o on S and the harmonic metric h on ðE; D 00 Þ, one can similarly define a complex fA ðEÞ; D 00 g a complex, which is actually a complex of certain di¤erential forms valued in j Ã E, and hence fine.
(2) Due to following lemma, it is actually su‰cient to assume that h and qh are L 2 in the above definition. we first do some discussion for L 2 -forms valued in E, as will also be used in the proof of the following Theorem 3. As seen in §2.4, we can choose some holomorphic sections of E i 0 H ð j Ã EÞ p i , the projections of which on Gr i 0 ðEÞ form a basis, still denoted by fe 1 ; e 2 ; . . . ; e n g, of Gr i 0 ðEÞ near a puncture p i , which is compatible with the Jordan blocks of N and the filtration fW l g k l¼Àk of N, in particular Ne i A fe 1 ; e 2 ; . . . ; e n g. Moreover, one has
and as r W 1,
for some su‰ciently small e > 0. Thus, a form f valued in E can be written as the sum f 1 þ f 2 þ Á Á Á þ f n of some forms f i valued in the invertible sheaf generated e i ; especially, by the estimate for the cross-terms, one has kfk
On the other hand, since N lowers weights by 2, we have that Case r ¼ 1. We now turn to the case r ¼ 1. In order to make the proof clearer, we can refer from time to time to the following diagram (here, again, by ''diagram'' we do not mean that its horizontal sequences are exact): 
